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Before looking at the Deutsch algorithm, there are four concepts
related to quantum mechanics that we need to understand:

1.

2
3.
4

Entanglement (reminder + more detail)

Hadamar gate

Reversible quantum functions (reminder + more detail)

Phase oracle (quantum circuit) form



Hes Entanglement (formal definition)

Entanglement

e Two qubits are entangled if their joint quantum
state cannot be decomposed into independent

states of each qubit

ENTANGLEMENT

e Measuring one determines the outcome of A Quantum state is entangled

other according to their correlation.

Example:

if it cannot be factored into a
tensor product of individual
qubits (cannot be written as a
product of independent states)

J

1
P> = 7(|00> + 111>)
2

L

If we measure one of the qubits as a 0,
|w) will collapse to |00)
If we measure one of the qubits as a 1,
|w) will collapse to [11)

J




Hes =0 How to check if two qubits are entangled ? L

Let's assume that | ) (a system of two qubits) is not entangled

= 3 |a) and |b) such that
o [a)=a,]0)+a,|1)

e |by=b,|0)+b,|1)and

| g)=|a) @ |b)
| D) = c00|00)+c01 |O1)+c10|10)+c11 | 11)
With : cOO:aOb0 cm:aob1 c10:a1bO c11:a1b1

Coo C11 = Coq Cr0= AgPea4 0,

L T Cyp Gy # G Cp then 3 |a) & |b) verifying cond | = the system is «



Hes Entanglement (Bell states)

1
[@7) = —=(100) +[11)) _ _ .
V2 List of maximally entangled states with two
. 1 qubits
® ) =—(|00) — |11
27) = —=(00) — 1)
*) = —=(lo1) +[10))
V2 strong, perfect correlations
1
v — (|01 10
) = —=(j01) - 110))



Hes Exercise 1

/[ Is y entangled ? }

1
Y>> = ?(I100> — 1010> + 1001>)
3

If measuring the first qubit leads to 0 then the other two will be entangled:

1
7( 110> + 101>)
2

If measuring the first qubit leads to 1 then the other two will be both in state O.

Weak, distributed correlations } .




Hes Exercise

/[ Is y entangled ? J

1
> = — (100> — 101> + 110> + [11>)
2 N J N N J
MDY, ¥
1 N 4 A\
> = 5(I0> (10> = 11>) + 11> (10> + 11>))
1 1 1
> = —|10>—— (10> = [1>) + [1>—— (10> + 11>)
el T e
R Y r
> = \/5 (10>1="> + [1>1+>) The two qubits depend on
each others. W cannot be
1 .
s = (0= > + 11+ >) written as a tensor product

\/5 —\_— Y is entangled




Hes Hadamard gate: H

1 1 1
H=——
ﬁ(l—l)
H(I0>) =L(IO> + [1>) =
2

H(ll>) = L(IO> — |1>) =@

2



Hes Using H and CNOT to obtain

an entangled system 0>+ H
10>
Yo P Wy
> = 100> .
|
by >=14+0> = ——(10>+11>) 10>
| Jz
1
ly >= ——(10>10>+11>10>)
NG
|
y >= —— (100> + 110>)
1 \/5 J
1
L |W2> = ﬁ(|00>+ 111>) 9
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Reversible functions in quantum
computing

All operations (functions) in Quantum computing (except the measurement) must be
reversible — all gates are reversible

In classical math, a function fis reversible if, given f(x), we can find x.
In quantum computing, a function is reversible iff it is a bijection from a space to itself
o Same number of qubits in and out

o Reversible = no output repetition AND no missing outputs

000 000
001 001
010 010
011 011
100 100
101 101
110 110
111 111

10



Hes Reversible quantum function 1

X) — — %)
U //fThis function is reversible because
f LXOR undoes it self.
ly) — — [y @ fx)

If |y) = |0) the output will be |x) |0 @ f(x)) = Lx) 1£(x)) )
Y

The first qubit is the input (|x>) and
the second qgbit is the output |f(x)> 11




Hes

L

Example of a reversible quantum
function
f(A, B) is the OR operation

i
N
o
&b
~
B
=

—_—_- 0 O K~ O ol
—_—_ 0 0O K~ o ol

0
0
0
0
1
1
1
|

_ O = OMOKOID
O RO OKFKFEO

{0, 1}3— {0, 1}3
N

Input space } [ Output space J
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Hes Phase Oracle form 1
IX) — — X

Let's calculate Uf | x> | — > U

U )l =) =(=D/@]x> | =) ly) — — ly @ f(x))

1
x>——=(10> — I1>)

Uf|x> |l—>=U
J2

f

1
U, lx>l=>=U,——( Ix>10> = lx>I1>)

f f
2 if f(x)=0=2U,lx>l-> =

; (x>10> = Ix>11>) = lx>1->

U lx> | - U
fx>—>——(

\/E f|x>|0>— Uf|x>ll>)
if f(x)=1=>U Ix>I->=

; (x>11>=1x>10>) = =lx>1->

|- %)

1
U, Ix>1->= —(Ix>|f(x) > — x>If (x) >)
f [~
. 2 13



Hes Deutsch-Jozsa algorithm

f:10, 1}"={0, 1}
Goal: to calculate if the function fis constant or balanced ?

The function fis constant if:
f(x) =0  foreveryx € {0, 1}"or
f(x) =1 foreveryx € {0, 1}"

The function fis balanced if:
e Half of the input (2"") is equal 0
e Half of the input (2™") is equal 1

L

14



Hes Deutsch-Jozsa algorithm 1

In classical computers, we need 2"~ 1 + 1 queries to determine if
the f unction f is contant or balanced.
n is the length of the bit string

In quantum computing, we need only one query

L 15



Hes Deutsch algorithm

0>

M

ly > = 100> Uyl

10>— X F{ H
ly > = 101> a : :

y,> =1+ -> oW e W w

1
|+ > = ——(10> + |1>)
2

[Just to remind you ... j> 1
|— > = ——(l10> — [1>)
2

s

16



10>

0> ,__

Yo

Hes Deutsch algorithm
ly > = 100>
ly, > = 101>
1

ly.>=1+=->=—0>+11>)]-> =

" 2 2

1 1

ly.,>=U,|—(0>=>+11>I->) | = —
SR WA 2

Uy

M

(10>1=>+11>1->)

(Uﬂ@ﬂ—ﬂ+UﬂHM—M)

17



Hes Deutsch algorithm 0> mH
| s

w.>= —(U.(10>1=>) + U,(11>1=>) g g :

Vs ﬁ(\f ) f ) IO>§——X—§-H—§“

e e T

U (k>T=>) = (- DT> T-> . " "

Uy

M

Y Yy

s

; Just to remind you ...
SO =f(1)=0-ly,> = (10> +11>) =1+ > Phase oracle form

J2
1 ,
OO =f()=1—>ly,> = —T(IO> + 1I>) = =-1+> > 1+ > Constant function
2

J0)=0andf(1)=1 - ly,> =%(I0> —1>) =1->
2
SO)=1landf (1) =0 - ly > =L(—I0> +1I>) ==-1->>1->

L J2

Balanced
function

18



Hes

Deutsch algorithm

Constant function = = : : : :
Yo Yy v, Y, s s

ly,> = 10> if ly,> =1+ >

by, > = I11>if ly,> =1->

Balanced function J

10>

10> ,__

X

0
by
.

H

.
—v—1
'

Uy

M
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